We study the non-equilibrium phase structure of the three-state random quantum Potts model in one dimension. This spin chain is characterized by a non-Abelian D3 symmetry recently argued to be incompatible with the existence of a symmetry-preserving many-body localized (MBL) phase. Using exact diagonalization and a finite-size scaling analysis, we find that the model supports two distinct broken-symmetry MBL phases at strong disorder that either break the Z3 clock symmetry or a Z2 chiral symmetry. In a dual formulation, our results indicate the existence of a stable finitetemperature topological phase with MBL-protected parafermionic end zero modes. While we find a thermal symmetry-preserving regime for weak disorder, scaling analysis at strong disorder points to an infinite-randomness critical point between two distinct broken-symmetry MBL phases.
We study the non-equilibrium phase structure of the three-state random quantum Potts model in one dimension. This spin chain is characterized by a non-Abelian D3 symmetry recently argued to be incompatible with the existence of a symmetry-preserving many-body localized (MBL) phase. Using exact diagonalization and a finite-size scaling analysis, we find that the model supports two distinct broken-symmetry MBL phases at strong disorder that either break the Z3 clock symmetry or a Z2 chiral symmetry. In a dual formulation, our results indicate the existence of a stable finitetemperature topological phase with MBL-protected parafermionic end zero modes. While we find a thermal symmetry-preserving regime for weak disorder, scaling analysis at strong disorder points to an infinite-randomness critical point between two distinct broken-symmetry MBL phases.
Introduction.-Little is known about the generic properties and possible phases of quantum systems out of equilibrium, where even a basic understanding at the level of Landau theory has remained elusive. Manybody systems can reach an effective equilibrium state under their own dynamics even in isolation, a process encoded in the properties of individual eigenstates via a set of criteria collectively termed the eigenstate thermalization hypothesis (ETH) [1, 2] . A distinct class of many-body localized (MBL) systems [3, 4] , usually with quenched randomness, violate these criteria and cannot self-thermalize. As they need not satisfy the stringent requirements imposed by ETH, even highly excited eigenstates of MBL systems can exhibit properties usually associated with quantum ground states [5, 6] . This permits the classification of out-of-equilibrium MBL systems into distinct eigenstate phases separated by eigenstate phase transitions [7] , echoing the classification of ground states and critical points in equilibrium systems, and providing a window into non-equilibrium quantum order.
As ETH systems conform to the expectations of equilibrium statistical mechanics, at infinite effective temperature (T → ∞) they exhibit the eigenstate phase structure of a thermal paramagnet, with trivial spatial and temporal correlations. In contrast, MBL systems can exhibit richer behavior -for instance, an MBL Ising model can exhibit both broken-symmetry (spin glass) and paramagnetic phases even for T → ∞ [5, [8] [9] [10] . In this regime -that is dominated by properties of highlyexcited eigenstates -a particularly sharp distinction emerges for non-Abelian symmetries. While ETH systems with such symmetries are again thermal paramagnets as T → ∞, a fully MBL phase is inconsistent with non-Abelian symmetry [11] . This indicates that the onset of full MBL must coincide with breaking of the symmetry, and that any symmetry-preserving phase is either (i) thermal, in the sense of ETH; or (ii) an athermal 'quantum critical glass' [12] that does not admit the local tensor product description of a fully MBL phase. In recent work [13] , we illustrated the former scenario in fermion chains with U (1) Z 2 symmetry, whose non-Abelian semi-direct product structure (denoted ' ') reflects the nontrivial action of a Z 2 particle-hole symmetry (PHS) on a conserved U (1) charge. As disorder is increased, PHS is spontaneously broken in highly excited eigenstates whenever they are fully MBL. This rules out the possibility of using PHS in conjunction with MBL to stabilize a topological phase -corresponding to class AIII in the usual taxonomy [14, 15] of symmetry-protected topological (SPT) phases -as T → ∞. Similar considerations [11] limit MBL-protected SPT phases [16] [17] [18] [19] , and rule out many phases that host non-Abelian anyons.
Some 1D topological phases host non-Abelian parafermionic edge modes independent of any protecting symmetries [20] , and are therefore apparently more amenable to localization protection. However, such 1D parafermionic chains are still inextricably linked to symmetry, although indirectly: they are related, via the Fradkin-Kadanoff mapping [21] , to Z n quantum clock models, with the topological (trivial) phases of the parafermions corresponding to ordered (disordered) phases of the spins [20] . The question of MBL protection of parafermion edge modes then turns on the interplay of localization with the symmetry of the spin chain. Though Z n itself is Abelian, for special achiral parameter values, Z n clock models with n ≥ 3 acquire an additional Z 2 reflection symmetry, enhancing the global symmetry to that of the non-Abelian dihedral group D n ∼ = Z n Z 2 . For n = 3, since D 3 = S 3 , this is equivalent to the 3-state quantum Potts model. Our focus here is on understanding how the non-Abelian symmetry of this model influences its non-equilibrium phase structure.
This question is interesting for several reasons, explored in the remainder of this paper. First, while superficially similar to the previously-studied U (1) Z 2 example, the D 3 model has a richer phase diagram -in-tuitively, U (1) symmetry constrains possible phases more strongly than D 3 symmetry. Second, since breaking U (1) symmetry is impossible even with MBL in d = 1, the only possibility for an MBL phase in a U (1) Z 2 system breaks the Z 2 symmetry; in the clock model, the Z 3 subgroup of D 3 may also be broken. This means that at strong disorder it may be possible to tune between distinct MBL phases via an unusual critical point. Third, there is the intriguing possibility of an athermal, symmetrypreserving quantum critical glass phase [case (ii) discussed above]. Finally, to return to our original motivation, Z 3 breaking in highly excited eigenstates translates via duality [22] into the existence of a non-equilibrium topological phase that hosts edge parafermion modes relevant to fault-tolerant quantum computing.
Model and Symmetries.-We now turn to the Z 3 quantum clock model, described by the Hamiltonian
f j e iθjτ j + h.c., (1) where J j , f j , θ j , φ j are all real (and are discussed below). The operators commute on different sites and satisfŷ
on a single site, where ω = e 2πi 3 . In the eigenbasis of the weight operator,σ, defined by:σ|m = ω m |m ,τ is a shift operator:τ |m = |m + 1 (here and throughout ket labels are taken modulo 3). The conjugateτ -eigenbasis |q interchanges these roles:τ |q = ω q |q ,σ|q = |q − 1 . Viewed as a 3-state quantum rotor, −i lnσ represents the angle of the rotor, and theτ measures its angular momentum (modulo 3).
For generic parameter choices, (1) has a global Z 3 rotation symmetry generated byQ = jτ j , withQ 3 = 1. For φ j , θ j ≡ 0 mod π/3, there is also a Z 2 mirror symmetry:X ≡ jX j , whereX j exchanges the |1 , |2 eigenstates of eitherσ j ,τ j , andX 2 = 1. Together,Q,X generate the group D 3 ∼ = Z 3 Z 2 , where the semidirect product structure reflects the fact thatQ,X do not commute. Consequently there are two additional Z 2 symmetriesXQ,XQ 2 , which respectively leave |1 , |2 invariant, while exchanging the other states. When they are viewed as 3-state quantum rotors in the xy-plane,Q is a 2π/3 rotation, andX is a mirror reflection of the rotor about one of its 3 directions (which also inverts the angular momentum,τ ).
In the clean limit of the Z 3 Hamiltonian (1), the ground state has an ordered phase that spontaneously breaksQ for J f , and a disordered phase for J f . These correspond respectively to parafermionic phases with and without edge zero modes [20] . The chiral couplings explicitly break Z 2 , and the ground states in both limits break two of the Z 2 reflection symmetriesX ,XQ,XQ 2 .
This model also possesses a sequence of incommensurate phases [23, 24] . Extensive recent work [25] [26] [27] [28] [29] has focused on the clean case; we shall instead study the situation when the couplings are disordered, i.e. J j and f j on each site are i.i.d. random variables, while keeping φ j , θ j ≡ 0 mod π/3, so that the symmetry group is D 3 . We wish to understand whether highly excited eigenstates of (1) satisfy ETH, or are instead MBL; and if the latter, whether and how they break the non-Abelian D 3 symmetry. We note that previous analysis [30] of lowenergy excited-states of clock models focused on edge zero modes in clean systems, a setting quite distinct from the non-equilibrium disordered case studied here. For the non-Abelian XXZ chain [13] , the excited-state real-space renormalization group [10] (RSRG-X) provides useful insights; here, the reduced D 3 symmetry complicates matters [31] , so we turn instead to a direct numerical study.
Numerics.-We investigate the random D 3 chain via numerical exact diagonalization of (1). Since we have three states per site, only a discrete global symmetry, and study highly excited eigenstates, we are limited to systems of length L ≤ 10. Therefore, we must perform finite-size scaling analysis of our data in order to extract the phase diagram and conjectured critical behavior. It is convenient to parametrize couplings as
and f j = λ j
2 ; with this choice, δ = ±1 are trivial limits corresponding to idealized fixed-point Hamiltonians for the ordered (spin glass) and paramagnetic phases respectively. (In the parafermionic language, δ is the dimerization, i.e. the bias in strength between odd and even couplings.) The random coefficients λ, λ are drawn from the distribution P (λ) = 1 W λ 1−1/W , where disorder is stronger for larger W , with W = 1.0 equivalent to a uniform distribution on (0, 1]. For each realization of disorder we use the shift-invert method [32] to obtain N = 50 eigenstates from approximately the middle of the many-body spectrum, and average our data over 10 3 −10 4 such realizations. We use open boundary conditions, and slightly reduce the Hilbert space size by restricting to eigenstates of bothQ andX with eigenvalue unity.
To map out the ergodic and localized regions in the transverse field-disorder plane (here parametrized by δ, W respectively), we study the energy level statistics via the 'r-ratio' [33] , defined in terms of gaps δ n = E n − E n−1 between successive energy eigenvalues as r = min(δ n , δ n−1 )/ max(δ n , δ n−1 ). Once all symmetries have been taken into account, for ETH systems energy level repulsion results in r ≈ 0.53, characteristic of the Gaussian orthogonal random matrix ensemble, whereas for MBL systems r ≈ 0.38, reflecting the Poisson statistics when level repulsion is absent [33, 34] . It is crucial that we consider only eigenstates within a given symmetry sector, as pairing between different sectors will artificially suppress r [5, 13] in broken-symmetry states. We do not show level statistics data for |δ| 0.7 as they show unphysically small r-ratios due to 'fragmentation' of the spectrum in the vicinity of perfect dimerization. We also study the scaling of the half-chain entanglement entropy S (n) E = −Trρ n lnρ n , computed in the n th eigenstate from the reduced density matrixρ n ≡ Tr i> L/2 |n n|.
Glassy breaking of the Z 3 symmetry may be diagnosed by an Edwards-Anderson-type order parameter,
where n labels eigenstates. This is analogous to the order parameter used to analyze MBL phases in the Ising [9] and XXZ [13] chains, and will be non-zero in an eigenstate only if Z 3 symmetry is broken. The square average ensures that quenched site-to-site and eigenstate-toeigenstate variations do not cancel, a standard strategy employed for spin-glass order. Breaking Z 3 automatically breaks Z 2 ; we verify this explicitly in our numerics [31] .
We term a phase with m 3 = 0 a Z 3 spin glass. In the parafermion language, this Z 3 spin glass corresponds to the topological phase with parafermionic edge states. In addition, there are three residual Z 2 chiral symmetries in the transverse-field phase f J:X ,XQ,XQ 2 . To detect glassy chiral ordering, we examine where the operatorĴ
Im(ω −ατ j ) measures the chirality on a single site and anticommutes withXQ α . We term a phase with m χ = 0 but m 3 = 0 a chiral Z 3 paramagnet since it preserves Z 3 but breaks the chiral Z 2 symmetry. In the parafermionic representation, the chiral paramagnet corresponds to a topologically trivial MBL phase without edge states. Observe that D 3 symmetry is broken in both the Z 3 spin glass and the chiral paramagnet: completely in the former, and down to an Abelian Z 3 subgroup in the latter. Note however that m χ = 0 in the Z 3 spin glass even though Z 2 is broken, as we have defined m χ in the dual basis [31] . Armed with these measures of ergodicity and symmetry breaking, we now study their behavior at weak and strong disorder.
Weak Disorder.-For a representative choice of weak disorder, W = 0.5 ( Fig. 1) , we identify a pair of transitions both in level statistics and entanglement. For |δ| 0.5, the r-ratio increases towards the ETH value of 0.53 with increasing system size, whereas outside this region it decreases towards the MBL value of 0.38. This is also consistent with the change from area-law to volumelaw scaling observed in the eigenstate-averaged entanglement entropy (S E = N n=1 S (n) E /N ). We conclude that an ETH region for |δ| 0.5 is flanked by a pair of MBL phases. We next study symmetry-breaking, by consider- ing the scaled quantities Lm 3 , Lm χ : these scale ∼ L in a phase with spin-glass order, and vanish in a symmetry preserving phase. Crossings of curves of either Lm 3 or Lm χ corresponding to different system sizes approximately locate transitions between a paramagnetic and broken-symmetry phase. Within the accuracy of our numerics, these appear to coincide with the crossings in level statistics, with the δ 0.5 (δ 0.5) phase breaking the D 3 (Z 2 ) symmetry in a spin glass sense. We track similar behavior up to W ≈ 1.0, whereupon the ETH phase disappears; we therefore identify W > 1.0 with strong disorder. Fig. 3 shows the extent of the ETH phase and approximate locations of the crossings in r, m 3 and m χ . Crucially, a fully D 3 symmetric MBL phase is absent, in accord with general symmetry restrictions [11] .
Strong Disorder.-For strong disorder (e.g. W = 2.0, see Fig. 2 ) we find no evidence for an ETH phase in either level statistics or entanglement: with increasing L, r → 0.38 and S E /L decreases, consistent with either MBL or eigenstate criticality [12] , for all δ. Extrapolating from weak disorder, we see that the two MBL-ETH transition lines appear to converge at around W ≈ 1.0. Recall that the two MBL phases have distinct broken symmetries. At strong disorder, as the ETH phase is absent and an MBL paramagnet is inconsistent with D 3 symmetry [11] , there must either be a direct transition between the two broken-symmetry MBL phases, or an intervening symmetry-preserving quantum critical glass phase. [A third possibility, namely that a narrow sliver of ETH phase persists to strong disorder [35] [36] [37] , is not evident in our numerics but we cannot rule it out for L → ∞.] Although it is challenging to distinguish these scenarios given our limited range of system sizes, we find some support for the former via finite-size scaling analysis, as follows. First, we argue that self-duality of (1) implies symmetry under reflection, fixing a single direct transition to occur at δ c = 0 (We ignore small finitesize corrections to duality from the open boundary conditions; note that the weak disorder MBL-ETH transitions are at roughly ±δ c , consistent with duality). Second, we assume that a direct transition between MBL phases is controlled by an infinite-randomness fixed point, with length-time scaling ψ ∼ ln t. We fix ψ = 1/2, characteristic of a random singlet critical point, the generic scenario [38] in systems with Abelian global symmetries (as both phases lack full non-Abelian D 3 symmetry), and use the scaling form
where Φ is a universal function, ϕ = (5) [31] using known results for ψ = 1/2 infinite-randomness critical scaling for the random transverse-field Ising model [39, 40] . As we see from the bottom panel of Fig. 2 , the data for m 3 , m χ show reasonably good collapse when scaled according to (5) , with no free parameters, indicating that they are at least consistent with a direct infinite-randomness transition between the Z 3 spin glass and the chiral paramagnet (though other exponent choices also give reasonable data collapses). Furthermore, we cannot rule out a possible sliver of a quantum critical glass phase rather than a critical point, that might show similar scaling collapse for accessible system sizes. We indicate this ambiguity by the hatched lines marking the transition region in Fig. 3 .
Discussion.-Our results are summarized in a global non-equilibrium phase diagram for the random D 3 chain (Fig. 3) . To the extent we are able to determine, MBL always coincides with the breaking of the non-Abelian discrete D 3 symmetry. The MBL Z 3 spin glass completely breaks this symmetry; in a different language, this phase will host parafermionic zero modes stable at finite temperature. The other MBL phase is a Z 3 -symmetric paramagnet, that -unlike its ground-state counterpart -breaks the remaining Z 2 chiral symmetry, consistent with the no-go theorem forbidding MBL with non-Abelian symmetry. While an ETH phase intervenes at weak disorder, at strong disorder we find evidence for an infinite-randomness transition between these distinct broken-symmetry MBL phases, although a more exotic possibility, an athermal quantum critical glass, cannot be definitively ruled out. We conjecture that similar features apply, mutatis mutandis, to other non-Abelian random spin chains with D n symmetry. Further investigation of such models, e.g. via matrix product state methods [41] [42] [43] [44] , would be an interesting avenue for future work.
SUPPLEMENTAL MATERIALS

SYMMETRY AND ORDER PARAMETERS
Subsidiary Z2 breaking in the Z3 spin glass
The model investigated in the main text has a global S 3 = D 3 symmetry generated by the action of a Z 3 cyclê Q = jτ j and a Z 2 swapX ≡ jX j , whereX j interchanges local eigenstates |1 ↔ |2 of either σ j or τ j , while leaving |0 invariant. To detect glassy Z 2 ordering, we construct an Edwards-Anderson order parameter, in analogy with prior studies of Ising spin chains. The Ising chain has only a global Z 2 symmetry generated byŜ = jσ x j , and the corresponding eigenstate-averaged order parameter is
whereσ z j anticommutes with the local symmetry generator,σ x j . For S 3 , the analogous operatorĴ j =
anticommutes with the chiral Z 2 generatorX j , as evinced by their matrix representations in theτ j -basis:
which have the appropriate Pauli matrix structure. We therefore use the conjugate operatorĴ to construct the chiral Edwards-Anderson order parameter forX -breaking,
As previously stated,X j has the same matrix form in the σ-basis; one may also construct the conjugate in that
σ j −σ † j , whereupon the order parameter becomes
However, the energy eigenstates |n are constructed as eigenstates ofQ = jτ j , and therefore correspond to states with a fixed Z 3 charge Q = j q j mod 3. The latter two terms in (S5) both change the total Z 3 charge by ±1, and therefore have a trivially zero expectation value. The σ-basis order parameter then becomes
i.e, proportional the Edwards Anderson order-parameter for Z 3 -breaking. As an aside, using either of the other two Z 2 symmetry operatorsXQ,XQ 2 and constructing the corresponding order parameters in the σ-basis has the same result: the only respective changes are factors of ω and ω 2 multiplying the trivialσ † iσ † j term. Hence, the Z 3 -breaking spin glass necessarily breaks chiral Z 2 , and so S 3 = D 3 is fully broken in this phase.
Auxiliary Z2 order parameter
We turn now to the Z 2 order parameter presented in the main text, which measures chiral order in the τ -basisi.e., breaking of S 3 to a Z 3 -preserving paramagnet. Although the derivation from conjugacy to the Z 2 generator is sufficient, we also performed several sanity checks to confirm this quantity is reasonable. To wit, it has the appropriate action on generic states constructed specifically to preserve or break the Z 2 symmetry. Additionally, it is everywhere zero when computed in ground states of the S 3 model, where the quantum phase transition at T = 0 only admits either a fully S 3 -preserving paramagnet or a ferromagnet that breaks S 3 completely. Lastly, it shows chiral ordering when calculated in eigenstates of the chiral Z 3 Hamiltonian, which breaks explicitly the Z 2 subgroup of S 3 (provided f j >J j ). The fact that this quantity is zero even in S 3 ground states and all Z 3 eigenstates forJ j >f j confirms that it is only meaningful on the putatively paramagnetic side of the phase diagram, δ ≤ 0.
SCALING EXPONENTS
In the strongly disordered limit W 1, we conjecture that a direct transition between an MBL ferromagnet and a chiral MBL paramagnet occurs at the self-dual point δ = 0, and is characterized by "random singlet" critical exponents. In particular, we expect this transition to share the universal properties of the T = 0 disordered Ising chain [S1] , including a true correlation length with mean scaling exponent ν ≥ 2, consistent with the Harris bound, where ξ ∼ ∆ −ν and ∆ is a disorder-dependent logarithmic measure of distance from criticality [S2, S3] . Additionally, the mean critical correlations behave likeC ij = σ z iσ z j ∼ |i − j| ϕ−2 , where ϕ is the golden ratio ] . A quick calculation reveals that the Edwards Anderson-type order parameters used to detect symmetry breaking should then scale as L ϕ−2 as well:
Thus, in performing finite size scaling for strong disorder, we multiply the order parameters by L 2−ϕ to obtain a quantity with scaling dimension zero. We take the quality of the collapse as good evidence in favor of an infinite randomness critical point at δ c = 0. However, we do not claim to extract numerically precise values of either ν or β; we only demonstrate that the data obtained are consistent with the values of these exponents one would expect from the ansatz of infinite randomness criticality. This scaling behavior is relevant only near criticality and at strong disorder (large W , δ ∼ 0). We find that the expected value of ν = 2 produces a good quality fit, but so too do all ν ∈ [2, 3] . As these also satisfy the Harris bound, and we cannot rule them out conclusively.
REAL SPACE RENORMALIZATION GROUP FOR S3
The real-space renormalization group (RSRG) is a perturbative decimation scheme originally formulated to construct and study approximate ground states of disordered spin chains. The RG generates a flow in the space of couplings, which is asymptotically exact if towards stronger disorder. Properties of the ground state are then controlled by an 'infinite-randomness' fixed point with universal scaling properties. RSRG-X is an extension of this approach that targets excited states. In each step of RSRG-X, we diagonalize the strongest remaining term in the Hamiltonian, H Ω , ignoring all other terms. In systems with an Abelian global symmetry (e.g Z n ), eigenstates of H Ω will generically be non-degenerate singlets. Choosing any of these states then completely fixes the states of the 'decimated' spins in H Ω , whose virtual fluctuations mediate interactions between the remaining spins, which may be computed via second-order perturbation theory. A specific temperature is targeted by weighting these choices with appropriate Boltzmann probabilities.
This procedure is complicated by the presence of non-Abelian symmetries, since diagonalizing the strong bond may not completely determine the states of the spins involved. Instead, they may collectively transform according to a D > 1-dimensional irreducible representation of the symmetry group. In the RG language, this means we need introduce a new 'superspin' with couplings to the remaining spins computed via first-order perturbation theory, i.e. mediated by direct, rather than virtual, processes. While such non-singlet decimations can sometimes be ruled out in ground states -the canonical example being the random-bond Heisenberg antiferromagnet -they will always occur with non-zero probability in finite-energy density excited states. Such a finite density of localized non-singlet states in turn implies an exponential degeneracy. Absent fine-tuning, this will either drive the system thermal (in the ETH sense), or else be split by spontaneously breaking the non-Abelian symmetry down to an Abelian subgroup [S4, S5] . Athermal phases that lack a local tensor product structure -dubbed 'quantum critical glasses' (QCGs) -evade this argument as their symmetry-enforced degeneracies cannot be lifted by local perturbations; therefore QCGs may be paramagnetic, though their eigenstate entanglement entropy will exceed the area law characteristic of MBL. The key question is to determine which of these distinct possibilities -an ETH phase, a QCG, or a broken-symmetry MBL phase -emerges for a given choice of parameters. One approach is to keep higher-order contributions in perturbation theory when decimating spins; these could indicate, e.g., a bias towards thermalization or symmetry-breaking. This was successfully employed in the XXZ chain [S4] , where the leading corrections drive spin glass order. In the S 3 case, however, this approach is challenging since the reduced symmetry permits many distinct competing higher-order terms, with no clear dominant contribution.
A related issue arises even in the nominally simpler Z 3 case, where φ i also takes random values in [0, 2π). Naïvely, every decimation in this case should result in a singlet; however, for values of φ j ≈ 0 modπ/3, rather than an O(1) energy splitting between the different singlets set by the overall scale of H Ω , two of the singlets are nearly degenerate. Even if avoided at the initial stages of the RG, such near-degeneracies become more frequent as the RG proceeds, since the couplings are multiplicatively renormalized. Therefore, even in the Z 3 case, RSRG-X becomes challenging, necessitating a different approach. For completeness, we briefly discuss RSRG-X in the Z 3 case, to see how such degeneracies appear.
Real Space Renormalization Group for Z3
We begin with the Hamiltonian from the main text,
and rewrite in terms of parafermion operators α j , defined via
of couplings to nearest neighbors, so we need only consider four pseudo-sites: x, x + 1, and the two neighboring sites on the left/right, denoted L/R respectively (Fig. S1 ) The dashed red line in Fig. S1 indicates the strongest bond, with coupling Ω, and the two solid lines are contained in the perturbing potential, V :
so that the full Hamiltonian is given by
Next we implement degenerate perturbation theory, and we have
The result is that the parafermions on sites x and x + 1 drop out of the chain, frozen in the state E 0 , and a new term is coupling between the parafermions L and R with magnitudeK LR and chiral phaseφ LR is generated viã
Note that the effective coupling diverges if the random phase Φ is an integer multiple of π, corresponding to a nonchiral bond, for which there are two degenerate states (the generic bond in the S 3 case). For an infinite Z 3 chain, at some point in the RG the effective coupling resulting from a decimation will be close enough to an integer multiple of π to produce a resonance, and effectively a S 3 Potts term. Hence RSRG, while nominally controlled for the Z 3 case, may have lead to dangerous resonances during the RG flow. 
(d) W = 2.5
FIG. S3.
Additional numerical results at strong disorder. Note the improvement in the quality of collapse as we move to stronger disorder
